For a semistable family of varieties over a curve in characteristic p, we prove the existence of a "Clemens-Schmid type" long exact sequence for the p-adic cohomology. The cohomology groups appearing in such a long exact sequence are defined locally.
Introduction
Let ∆ denote an open disk around 0 in the complex plane. Let X be a smooth complex variety which is a Kähler manifold. Consider a semi-stable degeneration π : X → ∆, i.e., a holomorphic, proper and flat map of relative dimension n such that π is smooth outside X 0 = π −1 (0), such that the fiber X 0 is a divisor with global normal crossings (in other words X 0 = X 0,i is a sum of irreducible components X 0,i of X 0 meeting transversally and each X 0,i is smooth). In this situation, for any m, one can associate a limit cohomology H m lim for X 0 (see [MO84] or [ST76] ). This H m lim is endowed with a nilpotent monodromy operator N and a weight filtration from a mixed Hodge structure. One has H m (X t ) ≃ H m lim as vector spaces for t 0 where X t = π −1 (t); moreover, a topological argument shows that H m (X) ≃ H m (X 0 ) := H m and H m (X) ≃ H m (X 0 ) := H m as well. By i we will indicate the inclusion X t → X. Then it is possible to define the Clemens-Schmid exact sequence (respecting MHS) [CL77] Chap. 1, 3.7 (see also [MO84] where the maps α are the natural maps arising from the Poincaré duality for X 0 considered as closed in the smooth variety X, and the maps β are again obtained via Poincaré duality for H m (X t ) ≃ H 2n−m (X t ) and then composed with the natural map H 2n−m (X t ) → H 2n−m (X) dual to i * . In order to prove the exactness of this long sequence one needs more than a topological argument which connects a global definition of the cohomology of X with support in X 0 to a sequence involving the cohomology of the special and generic fibers. Indeed one also needs a "Weights" argument. In fact one has to use the fact that the sequence respects the weight filtrations of mixed Hodge structures of the vector spaces involved and moreover that the weight and monodromy filtrations on H n lim coincide. We recall, also, that the structure of the limit cohomology has been considered in the framework of log-geometry (see [IL94] ).
In this article we deal with the analogous situation in characteristic p > 0. Namely, we consider the following morphism f : X → C over a finite field k of characteristic p, where X is a smooth variety of dimension n+1, C is a smooth curve and f is a proper and flat morphism. We suppose that for a k-rational point s of C, the fiber at s of f , X s , is a normal crossing divisor (NCD for simplicity) and f is smooth outside X s . We prove the existence of a Clemens-Schmid sequence in this situation. For simplicity, we will indicate by V a complete and absolutely unramified DVR whose residue (resp. fraction) field is k (resp. K of characteristic 0):
(1) where (a) means the a-th Tate twist of Frobenius structure. The role of the limit cohomology will be played by the log-crystalline cohomology of the log-scheme X s endowed with the log-structure induced by the log-structure of X given by the NCD X s itself. We denote this limit cohomology by H m log−crys ((X s , M s )/V × ) (V × is the log-structure on V associated to 1 → 0). We will then consider the cohomology of the special fiber X s without any structure: and here we will apply rigid cohomology, H m rig (X s ). We now need to replace the "trascendental" topological argument used to construct such a sequence. The underlying idea is that the bridge between the local and the global will be given by two different definitions of the cohomology of X with support in X s , H m X s ,rig (X). Moreover we will link it to the cohomology of the open complement of X s in X which will be understood in the framework of a generalized log-convergent cohomology theory introduced by Shiho. Hence we will have the long exact sequence Furthermore the (absolute) log-convergent cohomology groups, H m log−conv ((X s , M s )/V), will be associated with the limit Hodge structure of the special fiber. In fact we will obtain so that we can merge the two sequences (1) to obtain the p-adic analogue of the Clemens-Schmid sequence [CL77] . For the exactness of the merged sequence we note that the log-crystalline cohomology of X s admits a weight structure (coming from the Frobenius action) and the existence of a monodromy operator. Following the work of Shiho, we will insert our cohomology into a family. Moreover to such a family we will associate a differential operator having a regular singular point at s and endowed with a Frobenius structure. We will re-interpret the monodromy operator in terms of residue of the differential operator at s. In this differential setting the equivalence between the monodromy and weight filtration (given by Frobenius) has been proved by Crew [CR98] 10.8. On the other hand, we also have Poincaré duality in the rigid setting obtaining [Be97] : hence (1) is the complete analogue of the classical Clemens-Schmid exact sequence.
We will see that the cohomology group H m X s ,rig (X) is isomorphic to the cohomology of the completion X of X along X s with support in X s (Remark 4.13). Hence the Clemens-Schmid type sequence exists geometrically on the completionĈ of C along the special point s. In this paper we will prove the exactness of the Clemens-Schmid type sequence when k is a finite field because we would like to avoid the difficulty of building up the relative theory. We believe, however, that it is possible to remove the finiteness hypothesis. We do not treat the problem of the exactness for a proper semistable family defined over Spec k [[t] ].
It is tempting to try to see our procedure along the lines of Levine's article on motivic tubular neighborhoods [LE07] . In that article topological methods were replaced by the notion of tubular neighborhoods. In our p-adic realization, this corresponds to the use of the tubes in characteristic 0 for our varieties in characteristic p. With respect to his approach, in our "realization" we have the advantage of a weight filtration which can be compared to the monodromy filtration and we can prove the exactness of our Clemens-Schmid sequence. We also mention that Nakkajima studied the kernel of the monodromy operator in crystalline settings in [NA06] , Sect. 6.
Here is an outline of this paper. After establishing our notations and conventions, we will show in paragraph 3, how Shiho's theory of relative log-cohomology (convergent, analytic and rigid) can be used in our setting. In particular we will understand the log-crystalline cohomology of the special fiber X s as a fiber at s of the sheaves of relative log-cohomology on C which are endowed with an overconvergent connection, whose residue at s will be the monodromy operator. In the paragraph 4 we will construct the sequence. We will show how the global long exact sequence should be defined using "local" objects via tubes: this will replace the topological methods in the classical case. To do that we will need to compare and link several cohomology theories: these results will be obtained by choosing a good embedding system. In fact, in [SH02] 2.2.4, Shiho was able to define in a functorial way a log tubular neighborhood ]X[ log P from a (not exact, in general) closed immersion X → P of the k-schemes X to the formal V-scheme P (under some assumptions). Here we will need to generalize that approach and to construct a good embedding system for étale hypercoverings which admits some exactness properties. This is done in Propositions 4.3 and 4.11. In paragraph 5 we will prove the last ingredient for the exactness of the Clemens-Schmid sequence: the monodromy filtration coincides with the weight filtration for the log-crystalline cohomology of X s . This will be proved using the theory of the third paragraph: namely the fact that we may view this cohomology as a special fiber at s of a module endowed with a log-connection and a Frobenius structure on the curve (with a log-structure given by the special point) and with monodromy given by the residue of this differential module at that special point (hence the monodromy is unipotent). In this sense we will use Crew's results on the equivalence of two filtrations ([CR98] §10), which, in turn, was an adaptation of Deligne's methods for the étale setting ([DE80] 1.8.4).
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Notation and setting
In this paper we will indicate by k a perfect field of characteristic p > 0, if not otherwise indicated. For simplicity we denote by V the ring of Witt vectors of k, K its fraction field. The Frobenius is denoted by σ. We put V i = V/p i V. Of course one could have taken for V any complete discrete valuation ring with residue field k and Frac(V) = K: but all the K-cohomology groups we are going to consider in this case will be defined by tensoring with K the cohomology groups defined over the fraction field of the ring of Witt vectors of k. Hence the ramification does not trouble our constructions and results.
We recall that a divisor Z ⊂ Y of a Noetherian scheme is said to be a strict normal crossing divisor (SNCD) if Z is a reduced scheme and, if Z i , i ∈ J are the irreducible components of Z, then, for any I ⊆ J (which might be empty) the intersection Z I = ∩ i∈I Z i is a regular scheme of codimension the number of elements of I (or it may be empty). Moreover Y is said to be a normal crossing divisor (NCD) if, étale locally on Y, it is a SNCD.
We consider the following morphism f : X → C over a field k, where X is a smooth variety of dimension n + 1, C is a smooth curve and f is a proper and flat morphism. We suppose that, for a k-rational point s of C, the fiber at s of f , X s , is a NCD in X and f is smooth on X \ X s . We use (X, M) to denote the scheme X endowed with the log-structure given by the NCD, X s , while (C, s) denotes the curve C endowed with the log-structure given by s (all for the étale topology). The induced map f : (X, M) → (C, s) is log-smooth and proper. Then s × is a log-point given by the k-rational point s of (C, s), i.e., the induced log-structure given by the closed immersion s → C from (C, s). We refer to such a situation by a cartesian diagram
By V × we indicate V endowed with the log-structure associated to N ∋ 1 → 0 ∈ V. Again V will indicate V endowed with the trivial log-structure. If we say a property is satisfied by a simplicial (formal) scheme (resp. a morphism of simplicial (formal) schemes), then we mean it is satisfied at each level of the simplicial (formal) scheme (resp. the morphism of simplicial (formal) schemes).
By [A • → B • ], we understand the simple complex associated to the double one (also in the simplicial setting) for complexes A • , B • .
Relative Cohomology
Because in (4), C was a smooth curve over k then it admits a smooth lifting C V over V (7.4 III, SGA1): we indicate by C V its completion along the special fiber C. Let us fix a liftŝ of s in C V and a section t as a local coordinate ofŝ in C V over V.ŝ and t also denote a lift of s in C V and a local coordinate ofŝ in C V over V, respectively. Then 1 → t defines a log-structure on C V and we indicate it by N . After shrinking C it is also possible to endow (C V , N ) with a lift σ C V of Frobenius which is compatible with the Frobenius σ on V. We then have a sequence of exact closed immersions of log-schemes
The log-scheme (C, s) in (5) is log-smooth over k endowed with the trivial log-structure, and the formal log-scheme (C V , N ) in (5) is log-smooth over V endowed with the trivial log-structure. We will denote the reduction of (C V , N ) modulo p i by (C V i , N i ). We will indicate by C K (resp. (C K , N K )) the rigid analytic space associated to the generic fiber of C V (resp. with the log-structure N K induced by N ), and denotes byŝ K a point of C K defined by t = 0. As in paragraph 2 we may induce on X s the log-structure of (X, M) and we refer to it as (X s , M s ). Again (X, M) is log-smooth over k endowed with the trivial log-structure while (X s , M s ) is log-smooth over s × . Then we have the following diagram:
In this setting Kato and, later, Shiho ([KA89] , [SH08] , [SH08A] ) were able to define the relative logcrystalline cohomology sheaves of (X, M)/(C, s) with respect to (C V , N ), and we will indicate them by
In this paper we will only work with the trivial log-isocrystal crys,X,K . In order to define the relative log-crystalline cohomology one needs to fix a Hyodo-Kato embedding system (P • , M • ) of an étale
18 (see the notion of simplicial (formal) schemes and étale hypercovering in [CT03] , [TS04] ):
where
is an induced étale hypercovering by base-change;
(ii) (P • , M • ) is a simplicial formal log-scheme separated of finite type over V (with Frobenius endomorphism which extends that of V) such that (P • , M • ) is a simplicial formal log-scheme over (C V , N ) and (P • , M • ) is log-smooth over (C V , N );
(iii) i • is a closed immersion of simplicial formal log-schemes (not necessary exact).
Then the crystalline complex 
and the relative log-crystalline cohomology is calculated by
Note that our crystalline complex is on the Zariski site after (1.5) in [SH08] , and it is not on the étale site as in [KA89] 6.2, 6.4 and [HK94] 2.19.
Remark 3.1. In paragraph 4 we construct an embedding system such that i • is an exact closed immersion. In this section we do not need such a special embedding system.
We recall the notion of iso-coherent sheaves. The category of iso-coherent sheaves on the Zariski site of a p-adic formal scheme S is the category such that the objects are those of the category of coherent sheaves on the Zariski site of S and the group of homomorphisms is given by Hom(F , G) = Hom Coh (F , G) ⊗ Q, where Hom Coh (F , G) is the abelian group of homomorphisms as coherent sheaves. Moreover Shiho ([SH08] 1.19) was also able, always in our setting (6), to define a base change theorem (see also [KA89] 6.10). In fact one can complete the diagram (6) as
Theorem 3.2. Under these hypotheses on
where we indicate the morphism defined by t → 0 byι and identifyŝ × with V × . Note that all the squares are cartesian. The ι's andι are exact closed immersions and f and f s are proper and log-smooth. Then, following [SH08] 1.19:
Theorem 3.3. As in (8) we have an isomorphism
in the derived category of perfect K-complexes.
Moreover the relative log-crystalline cohomology groups of (X s , M s ) over s × are nothing but the log-crystalline cohomology of (X s , M s ) over V × in the sense of [HK94] . Then we may understand the foregoing base-change theorem as an identification of K-vector spaces
To prove this identification (9) (resp. the similar identifications in (11) below), we will need to use the local projectivity of R f (X,M)/(C V ,N ),crys * ( crys,X,K ). This will follow from the locally freeness of relative log-analytic cohomology sheaves (Theorem 3.8), via the isomorphism of Theorem 3.6 and the identification of Theorem 3.4. In order to make evident our approach we decided to write the isomorphism (9) at this point of the article. * * *
We will need not only relative log-crystalline cohomology, but also the entire apparatus developed by Shiho in his work: namely two other relative cohomology theories: the log-convergent and the loganalytic cohomologies. In our setting, Shiho [SH08] , [SH08A] was able to introduce the relative m-th log-convergent cohomology sheaves of (X, M)/(C, s) with respect to (C V , N ) which are indicated by
Here conv,X,K is the trivial convergent isocrystal. If we denote the log-tube of the closed immersion
, and if
19, then the log-convergent cohomology sheaves are calculated by the logarithmic de Rham complex
Then there is a canonical comparison morphism
and it induces the comparison theorem in [SH08] 2.36:
of iso-coherent sheaves on C V such that the Frobenius structures on both sides commute.
Remark 3.5. To any log-convergent isocrystal, E, it is possible to associate a log-crystalline isocrystal
35. Here we should have written Φ(O conv,X,K ) for the structural log-convergent isocrystal O crys,X,K . But Φ(O conv,X,K ) is the structural log-crystalline isocrystal. Hence we prefer to omit Φ.
As a corollary of Theorem 3.4, we have that the relative log-convergent cohomology sheaves of (X, M)/(C V , N ) are endowed with a Frobenius structure and we have, as before, a base change theorem for relative log-convergent cohomology (as K-vector spaces)
We summarize all of these with a diagram where all the maps are isomorphisms (for all m) of K-vector spaces:
With regard to the results we have obtained thus far, we know only that the iso-coherent sheaves R m f (X,M)/(C V ,N ),conv * ( conv,X,K ) on C V are endowed with a Frobenius structure, but we have not given any information at the differential level. Thus we must introduce, after [SH08] , the relative log-analytic cohomology sheaves of (X, M)/(C, s) with respect to (C V , N ) which is indicated and defined by
in [SH08] 4.1, where g ex 
compatible with Frobenius maps (sp : C K → C V is the specialization morphism).
We should stress the fact that those objects do not have the structures of isocrystals, i.e., they may be not isocrystals on the log-convergent site ((C, s)/V) log conv where V is endowed with the trivial log-structure. But this is almost the case. In fact Shiho proved [SH08] 4.8, 4.10: Theorem 3.7. In the previous notation, for any integer m, there exists a unique coherent convergent isocrystal F on ((C, s)/V) log conv such that for any pre-widening (Z , N Z , Z, M Z , i, z) such that z : Z → C is a strict morphism and (Z, N Z ) is formally log-smooth over V endowed with the trivial log-structure, the restriction of F to I conv (Z/V) log = S tr ′ (Z → Z /V) log is given in a functorial way by
endowed with a stratification. An analogous statement holds for the log-analytic setting where this time we will speak of a structure of log-module with connection.
In particular, our lifting (C V , N ) fits in the hypotheses of the previous theorem and we conclude that R m f (X,M)/(C V ,N ),an * ( an,X,K ) is a coherent sheaf endowed with a log-connection on (C K , N K ). This connection is that of Gauss-Manin for
(k endowed with the trivial log-structure) as explained in Shiho's Theorems 4.8 and 4.10 of [SH08] . Moreover the isomorphism of Theorem 3.6 gives to R m f (X,M)/(C V ,N ),an * ( an,X,K ) also a Frobenius structure as an iso-coherent sheaf on C K . In fact R m f (X,M)/(C V ,N ),an * ( an,X,K ) can be endowed with a Frobenius map, which becomes an isomorphism after applying the specialization morphism sp : C K → C V by the comparison theorems 3.6, 3.4 and the log-crystalline result 3.2. However, if sp * F = 0 for a coherent sheaf F on C K , then one can argue that F = 0, and so we may conclude that the Frobenius map is an isomorphism for R m f (X,M)/(C V ,N ),an * ( an,X,K ). We may then state: Theorem 3.8. In the previous notation, the relative log-analytic cohomology R m f (X,M)/(C V ,N ),an * ( an,X,K ) is a locally free sheaf on C K endowed with a Frobenius structure and a logarithmic connection on
Proof. Outsideŝ K in C K , the log-connection is a usual connection, hence the sheaf is locally free, because we are in characteristic 0. The problem is atŝ K . Here it is enough to check that there is no nontrivial torsion. The existence of the Frobenius structure forces an isomorphism between the original module and its transform by Frobenius. If we had a nontrivial torsion we would have an isomorphism between modules with different lengths. This is a contradiction.
As a summary of the results collected in this paragraph, so far, we have the following isomorphism for the residue atŝ
This isomorphism is compatible with Frobenius structures on both sides. * * * Let C (X,M)/V i the crystalline complex of (X, M) over V i endowed with the trivial log-structure on the Zariski site on X • . We then have an exact sequence for each n as in [HK94] 3.6:
where the first map is given by the external multiplication by
induced by tensoring (14) with O C V i → V i (t → 0) is nothing but the second exact sequence in [HK94] 3.6 since C V → Spf V[t] is étale. Hence the connecting homomorphisms on the cohomology groups with respect to the short exact sequence (15) induce the monodromy operators on H m log−crys
at s × and it is isomorphic to the crystalline complex of (X s , M s )/s × with respect to the embedding system (X s,
induced from the diagram (7).
A similar procedure holds for the log-convergent cohomology: there is an exact sequence
< M • > is the logarithmic de Rham complex of (X, M)/K with respect to the embedding system (7) and the first map is given by the external multiplication by ω → dt/t∧ω. Consider the induced short exact sequence by tensoring with O C K → K (t → 0) and taking cohomology sheaves with respect to R( f s θ s ) * sp * , the connecting homomorphism is the monodromy operator on H m log−conv ((X s , M s )/V × ) which is compatible with the monodromy operator on the crystalline cohomology by the comparison isomorphism of the diagram (11).
The connection on the relative log-convergent cohomology R m f (X,M)/(C V ,N ),conv * ( conv,X,K ), hence on the relative log-analytic cohomology R m f (X,M)/(C V ,N ),an * ( an,X,K ), is the Gauss-Manin connection for the composite of log-smooth morphisms
(where k is endowed with the trivial log-structure). It follows that the connection is given by the edge homomorphism of E 1 -terms of the Leray spectral sequences of the composite of morphisms (see [KO68] . sect. 4). Hence, the connection on the relative log-convergent (log-analytic) cohomology is given by the connecting homomorphism arising from the short exact sequence (16 
where ∇ is the log-connection on the free 
by Corollary 3.10.
Building up the sequence
In order to calculate the rigid cohomology of X (for example) one does not really need to take a covering of the variety respecting the fact that it is defined over C. But for future use we will need the existence of coverings which are compatible with the map to the curve C and, possibly, with a smooth compactification. So, we are always in the diagram (6). Let C denote a compactification of C. By Nagata compactification of X over C we may think of having a compactification X of X over C. We may then suppose that we have a simplicial Zariski hypercovering diagram of the type
The simplicial map X • → X is a Zariski affine hypercovering, P • is a simplicial formal scheme separated of finite type over V which is smooth around X • and admits a lift σ • of Frobenius compatible with the Frobenius σ on V and all squares are cartesian. Such a setting allows us to calculate H m X s ,rig (X). In fact we have: 
The two complexes which form the simple complex in (17) are equal on ]
and of course we may re-write the second part of (18) as
Hence we would like to compare H m X s ,rig (X) with
We will refer to such a cohomology H m X s ,rig ((X, X)) as rigid cohomology of the pair (X, X) with support in X s along the terminology of [CT03] and [TS04] . Note that the usual rigid cohomology H m X s ,rig (X) of X with support in X s is the rigid cohomology H m X s ,rig ((X, X)) of the pair (X, X) with support in X s . Then we claim: We would like now to understand the two simplicial complexes which appear in the definition of the rigid cohomology of (X, X) with support on X s , H m X s ,rig ((X, X)) H m X s ,rig ((X, X)) (as in (20)), in order to involve it in another long exact sequence. As in [CT03] , the first complex gives the rigid cohomology H m rig ((X, X)) of the pair (X, X), and the second complex gives the rigid cohomology H m rig ((X \ X s , X)) of the pair (X \ X s , X). What we now discuss is an interpretation of such a complex in terms of log-convergent cohomology. In order to achieve this goal we have to choose a different good embedding than the original P • we have used up to now: it will enjoy some exactness properties. 
Proposition 4.3. It is possible to construct a simplicial étale hypercovering X • of X which admits a closed immersion in a simplicial
(X • , M • ) i ex • / / (Q ex • , M • ) (X, M) / / V where i ex • is
an exact closed immersion of log-schemes and (Q ex
• , M • ) is formal log-smooth over V endowed with the trivial log structure and it admits a lift σ • of Frobenius which is compatible with the Frobenius σ of V.
For our strategy of proof we will construct an étale hypercovering X • such that, for each m, there is a disjoint decomposition X m = α∈I m X m,α (each component is not necessarily connected) which is compatible with the simplicial structure and that the induced log-structure M m,α on X m,α from M has a chart. Then one can explicitly write down the exactness procedure, which is explained in [KA89] 4.10 and [SH02] 2.2.1. In order to construct an étale hypercovering of X, we use the coskeleton functor and, to construct an embedding system, we use a Γ-construction, which were studied in [CT03] 11.2 and [TS04] 7.2, 7.3. The proof will end at Lemma 4.9.
First we recall truncated simplicial (formal) schemes and the coskeleton functors. Let ∆ be the standard simplicial category, put [l] = {0, 1, · · · , l} to be an object for a nonnegative integer l, and denote the full subcategory of ∆ whose set of objects consists of all [l] with l ≤ q by ∆[q] for a nonnegative integer q. A q-truncated simplicial (formal) scheme over a (formal) scheme S is a contravariant functor from ∆[q] to the category of (formal) schemes over S . For example, a 1-truncated simplicial (formal) scheme Y •≤1 over S is represented by 
Proof. The conditions in the assertion are the relations
, respectively. All other relations deduce from these relations.
>From now we begin a proof of Proposition 4.3. Let us take a 1-truncated simplicial scheme X •≤1 over X,
which satisfies the following hypotheses.
(i) X 0 = α∈I 0 X 0,α with |I 0 | < ∞ is an étale covering of X by π such that X 0,α is an affine integral scheme of finite type over k for any α ∈ I 0 .
(ii) X 1 = β∈I 1 X 1,β with |I 1 | < ∞ is an étale covering of X 0 × X X 0 by π 0 × π 1 such that, for any β ∈ I 1 ,(iii) The inverse image X s,0,α of X s in X 0,α is an SNCD over k, which is defined by the inverse image of
] for some 0 ≤ r 0,α ≤ n + 1 such that the divisor D 0,α, j defined by the inverse image of x 0,α, j = 0 in X 0,α is irreducible for 1 ≤ j ≤ r 0,α and ∩
as schemes. For β ∈ I 1 , the set {D 1,β, j | 1 ≤ j ≤ r 1,β } denotes all the collection of divisors of X 1,β such that each of them is a form π −1 1 (D 0,α, j ) ∩ X 1,β ( ∅) for some α ∈ I 0 and 1 ≤ j ≤ r 0,α . Note that D 1,β, j is reduced and the inverse image X s,1,β of X s in X 1,β is the union of {D 1,β, j | 1 ≤ j ≤ r 1,β }.
Such a 1-truncated simplicial scheme X •≤1 is a 1-truncated étale hypercovering of X and it always exists. Indeed, one can put X •≤1 , by definition of NCD's, as follows:
(a) X 0 is an étale covering of X satisfying the hypotheses (i), (iii).
(b) X 1 is a disjoint sum of X 0 and a Zariski open covering β U β → X 0 × X X 0 of finite type such that U β is an affine scheme of finite type over k which satisfies the inclusion hypothesis in (ii).
(c) The inverse image U s,β of X s in U β is an SNCD such that the intersection of all irreducible components of U s,β is nonempty.
(d) For l = 0, 1, π l : X 1 → X 0 is given by the identity id X 0 on X 0 and the composition of U β → X 0 × X X 0 and the natural l-th projection X 0 × X X 0 → X 0 .
(e) δ : X 0 → X 1 is the identity onto the component X 0 of X 1 .
Let us define a simplicial scheme X • over X by
and a log-structure M • on X • by the inverse image of the log-structure M on X. Then X • is an étale hypercovering of X. We will introduce a disjoint expressions on X m for each nonnegative integer m. The disjoint expressions of X 0 = α∈I 0 X 0,α and X 1 = α∈I 1 X 1,α induce a disjoint expression on the fiber product 
In particular we have the disjoint union
where A = ((α ξ i ), (β η i, j ), (γ ζ i )) runs over the set of indices satisfying the conditions above. 
For a general
Proof.
(1) The assertion follows from our hypotheses: in particular (ii).
(2) It is sufficient to prove the assertion in the case where l ξ = l η = 0 since all divisors in the level of X 1 comes from those of X 0 by the hypothesis (iv). Suppose that l ξ = l η = 0 and ξ(0) < η(0). There exists a morphism ρ : [1] → [m] such that π 0 • π ρ = π ξ and π 1 • π ρ = π η . Then the assertion follows from the hypothesis (iv).
We denote the collection
Let us now construct an embedding system i • : X • → Q • . For l = 0, 1, we fix an affine smooth formal scheme R l = α∈I l R l,α separated of finite type over V with an SNCD E l = α∈I l E l,α relatively over V, which fits into the commutative diagram over V for each α ∈ I l :
( R denotes a p-adic completion of R) satisfying the following hypotheses.
(II) The left vertical arrow is the map in the hypothesis (iii) for l = 0 and in case l = 1 this comes from hypotheses (ii), (iii) and (iv). Remark 4.7. Strictly speaking the hypotheses above are more general than those we would need (and we will construct) for the aim of the present article: in fact we will be able to have s l,α = r l,α and hypothesis (V) will be automatically satisfied. But we think that such hypotheses will be the correct ones if we seek a functoriality behavior to the results of our constructions.
We define a log-structure of R l which is induced by the SNCD E l . This log-structure has a local chart L l,α = N s l,α defined by 1 l,α, j → y l,α, j , where 1 l,α, j is the 1 of the j-th component of L 
) is log-smooth over V endowed with the trivial log-structure and the underlying morphism of formal schemes induces a closed immersion (
Here L a l,α means the log-structure associated to the pre-log-structure
We define a simplicial formal log-scheme Q • by
as formal log-schemes over V (see the definition and properties of the Γ-construction in [CT03] 11.2 and [TS04] 7.3.). Then we have a closed immersion
of formal log-schemes over V by [CT03] , 11.2.4 and 11.2.7. Since the index set of products are same in (22) and (24), the fiber product decomposition will induce a decomposition (3) The assertion follows from our construction.
Let us define a simplicial log-scheme (Q ex
and the log-structure M • associated to the natural pre-log-structure L ex 
where γ j 's are as in the proof of Lemma 4.8. Hence Q ex m,α is smooth over V.
Finally, the Frobenius endomorphism
• . This completes our proof of Proposition 4.3. (2) We say that the NCD X s of X has self-intersections if there are some α ∈ I 0 and j j ′ such that the images of the generic points of D 0,α, j and D 0,α, j ′ by the étale covering π : X 0 → X (as in the hypotheses (i), (iii)) are the same. If the NCD X s of X does not have self-intersections, then one can take an étale covering X 0 of X satisfying the hypotheses (i), (iii), and put X 1 = X 0 × X X 0 , which is given by X 0,α × X X 0,α ′ (α, α ′ ∈ I 0 ), with natural projections π 0 , π 1 and the diagonal morphism δ. Then this 1-truncated simplicial scheme of X also satisfies the hypotheses (ii), (iv). In this case our (X • , M • ) is aČech hypercovering of (X 0 , M 0 ) over (X, M). Hence, if one takes a smooth lift
We fix a good embedding system i ex
as in Proposition 4.3. Then using étale descent for rigid cohomology [CT03] 9.1.1 and forgetting the log-structure, we may write (X s,• is the induced étale hypercovering of X s )
We are now ready to interpret the two complexes which appear in the simple complexes of the right hand side of (25). The first one is just calculating the rigid cohomology H m rig ((X, X)) of the pair (X, X). The second complex is nothing but the rigid cohomology H m rig ((X \ X s , X)) of the pair (X \ X s , X). Then we may apply Shiho's result [SH02] 2.4.4: it says that, for the smooth log-scheme (X m , M m ) which has a Zariski type log structure, its log-convergent cohomology over V endowed with the trivial log-structure coincides with the rigid cohomology of the pair (X m \ X s,m , X m ). Note again that M m is the log-structure of X m induced from the SNCD X s,m and the trivial log locus of (X m , M m ) is X m \ X s,m . Hence we have
To avoid confusion we stress the fact that H m log−conv ((X, M)/V) represent the log-convergent cohomology groups of (X, M) relative to V endowed with the trivial log-structure.
To connect our construction to the log theory we will use ] − [ log to refer to log-tubes for exact or non exact closed immersions, which has already appeared in paragraph 3: for example the log-tubes of X • for a generic embedding (not exact) Q • will be indicated by ]
where the second is the "classical" tube, since the closed immersion i ex
where 
Now we would like to continue our interpretation. As a matter of fact we are going to use another exact embedding system to calculate the cohomology of the complex
In fact we are going to use a new good embedding system Q ex
• (exact, smooth as before) which admits a map to C V and this map is log-smooth over (C V , N ). Proof. Let us keep the notations as in the proof of Proposition 4.3 and let t be a section of a coordinate ofŝ in C V . Then the log-structure N on C V is obtained by the pre log-structure N → Γ(C V , O C V ) given by 1 → t. We fix a Frobenius σ C V on C V , which is compatible with the Frobenius σ on V, such that σ C V (t) = t p If we consider the tensor product (Q ex • , M • ) × (C V , N ) over V endowed with trivial log-structure, then the natural morphism ( N ) is a closed immersion, but is not exact. We will need to modify it in order to get an exact one. Note that the log-structure (Q ex
• , M • ) × (C V , N ) is the associated log-structure to the monoid L ex • × N. We define a co-simplicial monoid L ex
• by Proof. In view of our hypotheses the family X → C was given by a proper and log-smooth map with only one (classically) singular fiber at s. Hence R m f (X,M)/(C V ,N ),an * ( an,X,K ) calculates the cohomology of the proper and smooth fibers except X s . Hence they are pure for the Frobenius structure. Now we can apply Crew's theorem [Ibid.].
This gives an equivalence between monodromy and weight filtrations (up to a shift). 
